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Abstract 

Basic aspects of the AdS/CFT correspondence are studied in the framework of 
3-dimensional gravity with torsion. After choosing a consistent holographic ansatz, 
we formulate an improved approach to the Noether-Ward identities for the boundary 
theory. The method is applied first to the topological Mielke-Baekler model, and then 
to the more interesting (parity-preserving) 3-dimensional gravity with propagating 
torsion. In both cases, we find the finite holographic energy-momentum and spin 
currents and obtain the associated (anomalous) Noether-Ward identities. 



1 Introduction 



According to the idea of AdS/CFT correspondence yy, to any asymptotically anti-de Sitter 
(AdS) gravitational theory on a (rf + 1) -dimensional spacetime M, there corresponds a d- 
dimensional conformal field theory (CFT) on the boundary DM. This duality is of the 
weak/strong coupling type: the weak coupling regime of the gravitational theory is related 
to the strong coupling regime of the boundary CFT, and vice versa. 

Following a widely spread belief that general relativity (GR) is the most reliable approach 
for studying the gravitational phenomena, the analysis of the AdS / CFT correspondence has 
been carried out mostly in the realm of Riemannian geometry, leading to a number of highly 
interesting results [2]. However, one should note that, for nearly five decades, there exists a 
modern gauge-theoretic conception of gravity, characterized by a Riemann-Cartan geometry 
of spacetime. In this approach, known as Poincare gauge theory (PGT) [3], both the torsion 
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and the curvature carry the gravitational dynamics. In spite of its well-founded dynamical 
structure, the use of this framework for studying the AdS/CFT correspondence is still in a 
rather rudimentary phase. In this regard, we wish to mention the work of Bafiados et al. [1] , 
who studied the holographic currents in the 5-dimensional (5D) Chern-Simons gravity with 
torsion, and the paper of Klemm and Tagliabue [5] , investigating the holographic structure 
of the Mielke-Baekler (MB) model of 3D gravity with torsion [B]. In 4D, Petkou [7] examined 
holographic aspects of Einstein-Cartan theory amended by topological torsional invariants. 

In order to properly understand dynamical features of gravity with torsion, one is nat- 
urally led to consider technically simplified models with the same conceptual features. An 
important and useful model of this type is the MB model of topological 3D gravity with 
torsion [6], introduced in the early 1990s. Further investigations along these lines led to a 
number of remarkable results; for more details, see [SI Ej and references therein. Of partic- 
ular interest for our present work is the existence of a holographic structure, as discussed 
in [5]. However, in the MB model (like in GR with a cosmological constant) there are no 
propagating degrees of freedom. In order to overcome this unrealistic feature of the gravita- 
tional dynamics, a systematic study of 3D gravity with propagating torsion has been recently 
initiated in [H], see also [10]. The present work is aimed at investigating holographic aspects 
of 3D gravity with (propagating) torsion, in order to reexamine the compatibility of the 
concept of torsion with the basic aspects of the AdS/CFT correspondence, and moreover, 
to understand the dynamical role of the new CFT sources associated with torsion. 

The paper is organized as follows. In section 2, we discuss general holographic features 
of 3D gravity with torsion, with or without the propagating torsion modes. After choosing 
a suitable ansatz for the gravitational variables, we derive the related consistency condi- 
tions, which tell us that the maximal boundary symmetry consists of the local Poincare 
transformations and dilatations. In section 3, we propose an improved treatment of the 
corresponding Noether-Ward identities for the boundary theory. In section 4, we use this 
approach to reexamine the holographic structure of the topological 3D gravity with torsion; 
our results confirm the analysis of Klemm and Tagliabue [3], based on a different technique. 
Then, in section 5, we turn to the main subject of the present work — the study of holography 
in 3D gravity with propagating torsion. We find that the maximal boundary symmetry is 
reduced by the existence of the conformal anomaly. The improved formalism ensures that 
these results do not depend on the value of torsion on the boundary. 

Our conventions are given by the following rules. In 3D spacetime M, the Latin indices 
[i,j, k, . . .) refer to the local Lorentz frame, the Greek indices (//, u, p, . . .) refer to the co- 
ordinate frame, the metric components in the local Lorentz frame are rjij = (+1, —1, — 1), 
totally antisymmetric tensor e^^^ is normalized by e^^"^ = +1, and symmetric and anti- 
symmetric pieces of a tensor Xij are ^(ij) = |(-^ij + ^ji) and = \{Xij — Xji), 
respectively. Next, the (1 + 2) decomposition of spacetime is described in terms of the 
suitable coordinates x'^ = (p, x"), where p is a radial coordinate and x" are local coordi- 
nates on the boundary dM; in the local Lorentz frame, this decomposition is expressed by 
i = (1, a). Then, on 2D boundary dM (which is orthogonal to the radial direction), we have 
Vab = (+1, —1) and e"* := e"^'', with e^"^ = +1. Finally, we use the Stokes theorem in the 
form f dxV^d^x = J VcPx, where = {V, V^) is a vector density, and d^x and d'^x are 
coherently oriented volume forms on M and dM, respectively. 
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2 Holographic ansatz 



In this section, we introduce a general setting for 3D gravity with torsion and discuss a 
suitable holographic ansatz for the basic dynamical variables. 

Three-dimensional gravity with torsion can be naturally described in the framework 
of PGT [U [9], where basic gravitational variables are the triad field e* and the Lorentz 
connection cD*-^ = —u^^ (1-forms), the corresponding field strengths are T* = de^ + u^j A & 
and K^^ = dCj^^ (2-forms), and the covariant derivative V = d + ^u^^J^ij (1-form) 

acts on local Lorentz spinors/tensors in accordance with their spinorial structure, encoded 
in the form of the spin matrix Sjj. The antisymmetry of u"^^ ensures that the underlying 
geometric structure of spacetime is given by the Riemann-Cartan (RC) geometry, in which 
e* is an orthonormal frame, g = rjij^ ® is the metric of spacetime, a)*-' is the metric- 
compatible connection, \/g = 0, and T* and R^^ are the torsion and the RC curvature of 
spacetime, respectively. In our convention, hatted variables are 3D objects. Clearly, general 
features of PGT make it dynamically quite different from Riemannian theories, such as, for 
instance, topologically massive gravity [TT] or the Bergshoeff-Hohm-Townsend gravity |12] . 

In 3D, to any antisymmetric form X"^^ there corresponds its Lie dual form Xk, defined 
by X^^ = —e^^'^Xk- Replacing u^^ , R-^ with their Lie duals a)*, we have: 

f' = de' + e'jkUJ^ Ae'' , R = du' + ^e'jkUJ^ Au'' (2.1) 

In local coordinates x^, we can write e* = ^dx^, Co'^ = uj^^dx^, and the action of local 
Poincare transformations on the basic dynamical variables reads: 

6ou\ = -W^e' - id^i^)u\ - ^^dxu;\ . (2.2) 

Here, Sq is the form variation of a field, the parameters 6^ and describe local Lorentz 
transformations and local translations, respectively, and V^^^* = 9^^* -|- e''jkOj\9''. 
Specific features of the RC geometry in 2D are described in Appendix A. 

2.1 Restricting the local Poincare symmetry 

In order to study the holographic structure of 3D gravity with torsion, we assume that 
spacetime M is a 3D manifold with a boundary dM at spatial infinity; more precisely, 
M is asymptotically diffeomorphic to i? x dM. The gravitational content of M implies 
that its geometric structure is of the RC type, whereas its dynamics is determined by 
choosing an action integral, which produces the field equations. Given the field equations, 
the asymptotic behavior of M is controlled by the asymptotic conditions. In the asymptotic 
region, M can be suitably parametrized by the local coordinates x'^ = (p, x"), where p is 
a radial coordinate, such that p = on dM. The asymptotic conditions are formulated as 
certain conditions on the gravitational variables e* and a)* near the boundary at p = 0. 

The (asymptotic) radial foliation of M is an analog of the temporal foliation in the 
standard canonical formalism, with time line replaced by the radial line [13]. In this frame- 
work, Poincare gauge invariance implies that e*p and Co^p are unphysical variables, so that 
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their values can be fixed by suitable gauge conditions. Although gauge conditions have no 
influence on the physical content in the bulk, the boundary dynamics is very sensitive to 
their form. Based on the experience with the Mielke-Baekler (MB) topological model of 3D 
gravity with torsion [5l[8], we impose the following six gauge conditions: 

e%={e\,e%)= (^^,0^ , (2.3a) 



u',= {u\,uj%)= (^^,0j , (2.3b) 

which break the Lorentz and the translational gauge invariance; i is the AdS radius. As we 
shall see below, the parameter p controls the strength of both the torsion and the curvature 
on M. Next, we impose an extra condition: 

e\ = 0, (2.4) 

which is equivalent to = and is known as the "radial gauge" (an analog of the standard 
"time gauge"). Geometrically, it ensures that the radial direction coincides with the normal 
to dM, which greatly simplifles the calculations. In particular, the matrix representation 
of e*^ becomes block diagonal. Finally, combining (12. 4p with a suitable ansatz for e"'a and 
uj\, we can write: 

0,^e^^ , (2.5a) 

Oo'a = {u\,u''a) = (^Ua^^k^a^ , (2.5b) 

where e'^a{p,x),Ua{p,x) and k'^a{p,x) are assumed to be regular functions of p at p = 0. 
Consequently, near the boundary they can be represented as power series in p: 



e\{p,x) = ^(2n)a {x) = e\ + p" s\{x) + Oi, 

n>0 

UJa{p,x) = 'Yp'^"'UJ(2n)a{x) = U)a + p'^UJ(2)a{x) + O4, (2.6) 



n>0 



and similarly for k°'a{p,x). To simplify the notation, we use a bar over to denote the 
value of e°'a at the boundary, e°'a '■= e'^a(0,x), and similarly for Ua', also, s'^a as a short for 
e"(2)(0,a;). The inverse of e\ has the form 

e/ = (ei'',e/)= (^,0) , 

ei" = (ei",ea") = (0,pe,"). (2.7) 

The geometric interpretation of the flelds e"a, Ua and will be given in the next subsection. 

The adopted conditions on the basic dynamical variables restrict the form of possible 
solutions of the fleld equations. Based on these conditions, we will investigate the holographic 
structure of 3D gravity with torsion. In particular, we shall study two complementary 
dynamical situations, described by 
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(a) MB model of topological 3D gravity with torsion, and 

(b) general (parity-preserving) 3D gravity with propagating torsion. 

In both cases, as we shall discuss below, the above conditions restrict the general dynamics 
to the AdS sector of spacetime, where we expect to see interesting holographic effects. 
For later convenience, we note that the metric defined by (12. 3p and (12. 5p . 

fdo^ 1 

ds^ = g^.dx'^dx'' = 1- + -g^^dx'^dx^ , (2.8) 

where gap '■= e'^a^'^isVab, takes the usual Fefferman-Graham form [13]. For p = 0, it has a 
pole of order two, which is typical for asymptotically AdS spaces, and directly related to 
the pole of order one in the triad field (I2.5ap . 

In the rest of the paper, we use the units in which the AdS radius is £ = 1. 



2.2 Residual gauge symmetries 

A field theory is defined by both the field equations and the asymptotic (boundary) condi- 
tions. The concept of asymptotic symmetry is of fundamental importance for understanding 
basic aspects of the boundary dynamics. Since the conditions (12. 3p and (12. 5 p control the 
form of dynamical variables in the asymptotic region near p = 0, they have a decisive in- 
fluence on the asymptotic symmetry. The asymptotic symmetry is defined by a subset of 
gauge transformations that leaves the asymptotic conditions invariant. Thus, the param- 
eters of the asymptotic (or residual) gauge transformations are defined by the consistency 
requirements 

-e'^%,9k - m^)e\ - i^dxe\ = , 
- V^^^ - {d^i')u;\ - i'dxu;\ = , 

where e\ and (2j\ are taken to satisfy (12. 3p and (12.51) . 

Starting with these conditions, we first find the restrictions stemming from the invariance 
of e^p, e"p, e^a, and u^p, respectively: 

e = Pf{x) , 

dpO^ = -puj^daf . (2.9a) 
These relations give rise to the following radial expansion of the local parameters: 

e = pf{x) , 

r = pe'^'e^'^dj - p'e''\s%dj + O, , 

= 9{x) - y + C4 . (2.9b) 
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As one can see, the residual symmetry is expressed in terms of the four boundary parameters 
^''{x),9{x) and f{x). 

In the next step, we find the restrictions produced by the invariance of a)"p and cD^a, 
respectively: 

5,k\ = [-e'^'hJ - {d^e)k% - edpk\] + fk\ + O2 . (2.10) 

Assuming that f{x) is an arbitrary function on dM, we have djsf 7^ 0, and the first relation 
defines /c"q, in terms of the e°Q,: 

l^ab ^ l^ab _ ^ab _ ^^ac^J^Q^^b^ ^ ^2.11) 

where k""^ = k°'a^b'^- The second relation in f l2.10p defines the transformation law for k°'a', 
it shows that, at the boundary, k°'a is a tensorial object with respect to local Poincare 
transformations combined with dilatations. As shown in Appendix A, Kab = Scbk'^a is the 
extrinsic curvature of dM. 

Finally, we wish to examine the implications of the invariance conditions for e^Q and u^a- 
Using (12. 5p . these condition yield, in the lowest order of the radial expansion, the following 
transformation rules for the boundary fields: 

Soe^a = Spe^a + fe^a , 

6oUa = SpUa + Sabe^ae^^dpf , (2. 12) 
where 5pe"'a and SpUa are the local Poincare transformations in 2D: 

5pe\ = -e'^M^ - {d^i^)e% - ^ ■ de\ , 

5pUo. = -dj - {d^i^)up -i-du^, (2. 13) 

and / defines local dilatations. Thus, we conclude the following: 

— The residual symmetry transformations (12. 12^ belong to the Weyl group of local 
Poincare transformations plus dilatations, whereas e°'a and Ua are recoginzed as the 
vielbein and the spin connection of the boundary RC geometry. 

Similarly, we find that the subleading term of e°'a transforms as 

5os\ = 5ps\ + / s\ - ^ V« [e'-^dpf) + i f'^d,f\p , (2.14) 

where T°'ap is the boundary torsion tensor (see Appendix A). 

The transformation rules for (f^ and can be used to calculate how the residual 
symmetries, defined by (12. 9p . act on the first two terms in the radial expansion of the metric 
Qafi- Using the definitions gai3 = Vab^^"" a(^^ i3 and (7(2)0/3 = Sap + spa, and restricting our 
attention to dilatations (/ 7^ 0), we obtain: 

^fQap = '^ffjap, 
^f9{2)al3 = 2/5((2)q,/3 - 2ea(aV/3)/" + 2/'''T(a/3)^ , (2.15) 
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where := \daf ■ In the hmit when torsion vanishes, this result reduces to the Penrose- 
Brown-Henneaux transformation [15], which was derived in Riemannian GR and used to 
study universal properties of trace anomalies. 

It is important to note that the results obtained in this section are essentially kinematical, 
as they are free of any dynamical content. Another useful set of kinematical relations is 
found by calculating the expressions for the torsion and the curvature tensors, based on our 
ansatz given in (12. 3p and (12. 5p . As shown in Appendix B, the result is of the form 

Tijk = pSijk + Oi , Rijk = qSijk + Oi , (2.16a) 

where 




(2.16b) 



Thus, to lowest order in p, the parameter p defines both the torsion and the curvature of 
spacetime. 

In sections 4 and 5, we shall combine these results with specific dynamical assumptions. 



3 Noether— Ward identities 

It is clear from the previous discussion that the residual gauge symmetries (12. 9p are also 
kinematical. They are maximal gauge symmetries that we can expect to find on the bound- 
ary. Indeed, after choosing an action integral, the corresponding field equations may impose 
additional restrictions on these symmetries. In this section, we shall study the gravitational 
Noether identities (also called generalized conservation laws) induced by the maximal gauge 
symmetries (12. 9p . and interpret them as the corresponding Ward identities of the boundary 
CFT. 

To make these ideas more precise, consider a 3D gravitational system in an asymptot- 
ically AdS spacetime, with solutions characterized by independent boundary values of e^Q, 
and oja- The quasilocal energy-momentum and spin currents of the system are calculated 
by varying the action with respect to the boundary values of e°'a and Ua- The variation 
produces a bulk term, which is proportional to the field equations, and a boundary term. 
The on-shell value of the gravitational action, suitably renormalized, is given as a finite 2D 
functional /ren[e,w] on dM. Next, consider a set of quantum fields on dM, coupled to 
the external gravitational fields (sources) e"'ct and Ua, and described by an action integral 
J[0;e, cj]. The corresponding effective action iy[e,a;] is defined by the functional average 
over 0: 

JdM 

In the semiclassical approximation, the AdS/CFT correspondence can be expressed by iden- 
tifying the effective action with /ren[e, w]: 

W[e,tu] = I,,4e,u]. (3.1b) 

Using this identification, we can calculate the gravitational Noether identities for Jrcn[e,w] 
and identify them as the Ward identities for the 1-point functions derived from H^[e,a;], 
provided the functional measure is invariant under the residual gauge symmetries. 
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The form of the expected Noether identities is based on the residual symmetry transfor- 
mations f l2.12p and f l2.13p . Quite generally, the invariance of the renormalized action under 
these transformations can be written in the form 

6 Iron = - [ d^x (r\5oe\ + (T^^SoOo^) = , (3.2a) 

JdM 

where 

are the energy-momentum and spin currents (tensor densities) of our dynamical system. 

Restricting our attention first to the local translations (with parameters ^") and then 
to the local Lorentz transformations (with parameter 6), we arrive at the corresponding 
Noether identities: 

e'^pV^T'^a = r'^aT'^^a + ct'' Ffs^ - a;^(V„(T" + e'^'rab) , (3.3a) 
V^a'^ = -£"Va6, (3.3b) 

which are also known as the generalized conservation laws of r^^ and a'^. Note that if the 
second Noether identity (13.3bp is fulfilled, the last term in fl3.3ap can be omitted. Similarly, 



the invariance of /ren[e"a, i^a] under dilatations leads to 

r- V^(£„,aV^) =0, (3.3c) 

where r := r'^^ is the trace of the energy momentum tensor. 

Although the gravitational dynamics in the bulk is described by a RC geometry, with 
d)*^ and e*^ as independent fields, it may happen that some solutions on the boundary are 
Riemannian, that is, characterized by a vanishing torsion, Tabc = 0. For such solutions, 
the boundary connection Ua is no longer independent of the vielbein e°'a- Nevertheless, 
as we are going to show, the Noether- Ward identities are still of the form ( 13. 3p . but now, 
Ua takes on the Riemannian value Ua- In a way, this might have been expected, since the 
transformation properties of Ua are the same as those of Ua, and these properties play a 
crucial role in defining the boundary symmetry. 

When the boundary torsion vanishes, the connection takes the Riemannian form flA.3p . 
However, we find it more convenient to use an equivalent but more compact expression: 

= -SabS^'sa^e'^'d^/s • (3.4) 

Now, starting from the Riemannian renormalized action I^^n = -^renfe^o, cJq], we find that 
the related spin current S"" := —dl^cn/^^a vanishes, whereas the energy- momentum current 
0"a := — Siren/ Se°'a has an additional contribution stemming from the last term in fl3.2ap : 

e\ = f\. - [e'^^e-^aa) . (3.5) 

Here, X denotes the Riemannian limit of a RC object X\ in particular, Vq/q = dafa — 
Eac^oif^- Then, the Noether identities for the action I^cn are found to be: 

e^V^Q'^a + (^pe'^'Qab = , (3.6a) 
e'"'eab = 0, (3.6b) 
6 = 0. (3.6c) 
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Since G°a is a tensor density, the first relation, which is a condition for diffeomorphism 
invariance, is seen to coincide with the condition (4.10) in Klemm et al. [5]. When the 
Lorentz invariance is satisfied, f l3.6ap reduces to the usual form Da{e~^Q°' = 0, where 
Da is the Riemannian covariant derivative. The remaining two relations are the standard 
Riemannian conditions for the Lorentz and Weyl invariance, respectively. Using Tabc = 0, 
as well as the identity ^"'^VaV^/a = —\£°'^Fa/3eabf^, one can transform (13. 6p into 

e'^fsVa^a - + CopiVf^a^ + e'^'fab) = , (3.7a) 

e'^'fab + ^pa" = 0, (3.7b) 
r-V^(£a6aV^) = 0. (3.7c) 

Hence, the Riemannian identities f l3.6p coincide with those obtained from fl3.3p in the limit 
Tabc 0, as expected. This proves the following theorem: 

— In the context of PGT, the form (13.31) of Noether identities can be used for both 
Riemann-Cartan and Riemannian boundary geometries. 

According to the AdS/CFT correspondence, relations (13. 3p are interpreted as the max- 
imal set of Ward identities that can be found in the boundary CFT. If the field equations 
happen to be incompatible with the above symmetries, some of the Ward identities may be 
violated, leading to the appearance of quantum anomalies. 



4 Holography in topological 3D gravity with torsion 

In this section, we analyze the validity of the Noether- Ward identities (13. 3p . in the MB 
model of topological 3D gravity with torsion ^ [S] , described by the action 



'MB 



j (^ae'Ri - ^AQSijke'&e^ + a3^cs(w) + a^e'f^j + , (4.1) 



where Jm is a matter contribution, Lcs(w) = OJiduj'^ + \^eijkCj^Cj^Cj^ is the Chern-Simons 
Lagrangian for the Lorentz connection, a = I/IQttG is the gravitational constant, Aq is 
a (bare) cosmological constant, as, 04 are dimensionful coupling constants, and the wedge 
product signs A are omitted for simplicity. 
The vacuum field equations read 

Tijk P^ijk ; -Rjjfc Q^ijk ; (4.2a) 

where the parameters p and q are defined in terms of the coupling constants a, A, as, a^. The 
spacetime described by these equations is maximally symmetric, at least locally. Moreover, 
in the AdS sector, the effective cosmological constant is negative, 

2 

^ff:=g- j = -l- (4.2b) 

By comparing these equations with (I2.16p . it follows that the parameter p from our ansatz 
should be identified with the parameter p in the MB model. 

For an interesting asymptotic correspondence between the MB model and topologically 
massive gravity, see [T6] . 
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4.1 Analysis of the field equations 

The subset of the field equations fl4.2ap that describes the radial evolution of the system is 
given by (ijk) = (He), (ale). The first pair of equations takes the form 

fuc = , Ruc = . (4.3a) 

Using the expressions for Tij^ and Rijk calculated in Appendix B, one finds that the first 
equation is identically satisfied, whereas the second one implies that Ua is the Lorentz 
connection at the boundary, 

Ua = UJa{x) . (4.3b) 

The second pair of equations reads: 

Talc = -P£ac , Rale = -Q^ac ■ (4.4a) 

After introducing the radial expansion (12. 6p . the first equation in fl4.4ap yields that Sab is 
symmetric, 

e^'sab = . (4.4b) 
This result simplifies the second equation in fl4.4al) : relying on (E5J3, the piece of the 



zeroth order in p implies that the effective cosmological constant ylgg is negative, see fl4.2bp . 
whereas the piece of order leads to a finite radial expansion of Cc/?: 

ec/3 = ec(3 + p^Scf} . (4.4c) 

Such an expansion that terminates at is a generalization of the result known for GR in 
3D; in higher dimensions, the result holds when the Weyl tensor vanishes [T7]. As a simple 
consequence, the radial expansion of k"'^ is also finite: 

Using the above results, the nontrivial content of the remaining (16e) and {ahc) field 
equations is expressed in terms of the following radial contraints: 

Tabc = , (4.5a) 
R - As\ = O2 , (4.5b) 

VaS6/3 - VpSba = . (4.5c) 
In particular, we see that the boundary torsion vanishes. 

4.2 Counterterm and boundary currents 

Now, we introduce the boundary currents and verify their Noether-Ward identities. 
The variation of the MB action, calculated on shell, reduces to a surface integral: 

SImb = / d^xe"^ {2ae\5(l}ifi + o^aw'^^Wj/j + a^e\5eip) . (4.6) 

JdM 



10 



Each of these three terms can be written in more details as: 



p LZ 



where 5Ai is a total variation with 



p2 



Ai := 4ae"^£afes''«e'^ = -Aaes\, 

and e := det(e"Q)- Then, the identity ap + a'^q + a^ = 0, see Ref. [8], implies that the sum of 
the first three terms in the above expressions vanishes, whereupon the only divergent term 
in 6IuB is also a total variation, 6A2, with 

A2 := -^e'^^Babe^e'^ = ^e(l + p's^) . 
p'^ 

Since the boundary integral of Ai + A2 appears in (5/mb s-s a total variation, it can be 
subtracted from Jmb to obtain an improved variational principle. The integral 

/et := / (i'x(Ai + A2) =2a f d^xe (\ - s'A (4.7a) 

JdM JdM \P / 

is usually called the counterterm. Before discussing its role in the new variational principle, 
let us rewrite Jet in an equivalent form as 



/ct := a / d'xeK , (4.7b) 

JdM 

where K is the trace of the extrinsic curvature (lA.Sp . and e"'a = e."'a/p is the induced 
vielbein at the boundary. The expression for J^t is just one-half of the Gibbons-Hawking 
term (/gh); the result that naturally appears in the Chern-Simons formulation of GR in 
3D, as discussed by Banados and Mendez [IB], and by Miskovic and Olea [12]. On the other 
hand, using the field equation (14.5bp . we can express the finite piece of the counterterm, 



Cl 



in terms of the scalar curvature i?, but since i? is a topological invariant, its contribution 
to /ct can be disregarded. Thus, effectively, the counterterm can be written as a covariant 
object, determined by a local function of e^Q,: 

/„ = 2a/fe = /c„-2a/d=xe. (4,7c) 

where the last term is the usual local counterterm of Balasubramanian and Kraus [20] . 
obtained in the context of 3D GR. It is interesting to note that the nonlinear Chern-Simons 
term in the MB action does not contribute to the counterterm, in agreement with the 
analysis of [1]. 
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Since the total variation SIct is a divergent piece of (5/mb, we are quite naturally led to 
introduce the renormalized (or, more precisely, the improved) MB action: 



rren 
-'MB 



'MB 



'ct ) 



(4.8) 



such that it has well-defined functional derivatives and produces finite boundary currents, 
on-shell. Finally, by noting that 



r rren 
"-'MB 



d xe 



dM 



A ( '^ZV\ n ^ h A r ft r 

-4 [a + — j EabS Je p + Au'iSbabe ^ - a-iujup 



(4.9) 



we can use (I3.2bp to obtain the energy-momentum and spin currents on the boundary: 



a'' 



4 (a + ^) £"^£.ftS^ - iass'^'^s,. 



(4.10) 



4.3 Boundary symmetries and anomalies 



Now, we wish to check the expected Noether-Ward identities (13.31) . 

Using the radial constraints (14. 5p . we find the following on-shell relations: 



V^^r^ft 







2 



(4.11) 



Comparing with ( I3.3bl) . we see that the Lorentz invariance of the effective 2D theory is 
violated, and the Lorentz anomaly reads: 



1 



■bc„ 



2 



(4.12) 



The coefficient 03, multiplying the topological (Euler) density ei?, is proportional to the 
difference of the classical central charges of the Mielke-Baekler model [8]: 



247r 



+ as 



pi 



Next, (14.1ip i implies that the translation invariance condition (I3.3bll is reduced to the 
form = a^Faj3 + WaV/^a^. Using the relations 



a 



--asUaeR, 



we conclude that local translations are a correct boundary symmetry. Hence, there is no 
translational anomaly: 







(4.13) 



Finally, in order to verify the Noether identity for dilatations f l3.3cp . we use (I4.4bp and 
fl4.5bp to obtain 



2 J 



T^'c = -4:6 [a 

12 



e(a + — j 



R. 



(4.14) 



Thus, the dilatational Noether identity is violated, and the violation is measured by a 
quantity which is usually called the conformal (or Weyl) anomaly: 

Ac := t\ - {saba^e'^) =-[a+'^)eR + a:,d^{euj^) . (4.15) 

Here, the coefficient of eR is proportional to the sum of the central charges. 

In treating the boundary symmetries of the MB model, Klemm et al. [5] followed a 
different approach, based on using the Riemannian connection in the renormalized action. 
Nevertheless, our results for anomalies coincide with theirs, in agreement with the theorem 
proved in section 3. The full strength of this theorem will be seen in the more interesting 
case of 3D gravity with propagating torsion, where the complicated field equations may lead 
to either vanishing or nonvanishing boundary torsion. However, we will be able to derive 
the Noether- Ward identities without recourse to the value of the boundary torsion. 

5 Holography in 3D gravity with propagating torsion 

In this section, we analyze the holographic structure of 3D gravity with propagating torsion, 
assuming parity invariance [D]. 

5.1 Lagrangian and the field equations 

General dynamics of 3D gravity with propagating torsion is defined by the action integral 

1 = j d^xe{CG + CM). (5.1) 

where e = det(e*^), £m is a Lagrangian of matter minimally coupled to gravity, and Cq is 
the gravitational Lgrangian, which is at most quadratic in the torsion and the curvature. 
Assuming parity invariance, the general form of Lq is given by [9] 

Cg = -aR - 2Ao + Ct^ + Cr2 . (5.2a) 

The quadratic terms can be conveniently be written in the form 

= -^R^^'^''T^i'jki , T^i'jki '■= h '^^'^Rijki + h '^'^^Rijki + ^3 '^^^Rijki , (5.2b) 

o 

where we introduced the covariant field momenta Hijk and l-iijki-, which are linear in the 
irreducible components of the torsion, ^^'^Tij^, and the curvature, ^^"^Rijki- An equivalent 
form of these two terms, which is more convenient for practical calculations, is given by: 

'Hijk = 4:{aiTijk + a2T[kj]i + asTijk) , 

Cr2 = R'mij , -Hij = (3,R,j + P^Rji + ■ (5.2c) 
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The expression for £r2 is obtained using the fact that the Weyl tensor identically vanishes 
in 3D, and the new coupling constants {ak, Pk) are expressed in terms of the (cfc, fe^) as [S] 

111 
Q!i = -(2ai + ag) , ^2 = -(01-03), a-i = -{a2 - ai) , 

Hi = ^(^4 + h) , /32 = \{h, - 65) , /33 = ^(&6 - 464) . 

The variation of the action (15. ip with respect to e*^ and o)*-'^ (= —e^^Ufj) produces two 
gravitational field equations, displayed in equations (2.13) of Ref. [9]. Without matter 
contribution, these equations, transformed to the local Lorentz basis, take the form: 

W"^T-Limj + 2"^* {~Tjmn + '^TjjmVn) — tij = , (5.3a) 
tij . ^ijC-G T iT~tmnj ~l~ '2,(xRji '2(^R i'hLnj Rj iHnm) y 

where tij is the energy-momentum tensor of gravity, and 

2aTk^j + 2T^,, {Hmk - ^mkU) + 4V[,(7/,]fc - r/,],.?/) + e,,ne'^\'Hmr'" = , (5.3b) 
with n = 

In the near-boundary expansion, the leading order of the field equations (15. 3p . corre- 
sponding to p = 0, reduces to the following relations involving the coupling constants: 

p{a + qbe + 203) = , (5.4a) 
1 1 

aq-Ao + -p'^as - -q\ = . (5.4b) 

As shown in [9], these relations ensure that the AdS configuration, as well as the black hole 
with torsion, are solutions of the present theory. However, quadratic equations (15. 4p allow 
to have two different solution for the effective cosmological constant A^s = p — Q'^/4, and 
consequently, two different AdS vacua. For a particular choice of parameters {p = 0, a—h^q = 
0), the two vacua coincide [9]. For an analysis of this situation in the Bergshoeff-Hohm- 
Townsend gravity, see Refs. [2T] . 



5.2 Equations of motion 

In this section, we discuss the consistency of the near-boundary analysis of the field equations 
(15. 3p . given in Appendix C, with the holographic description of the asymptotic theory. 

The leading order of the field equations is given by Eqs. (15. 4p . These equations constrain 
the coupling constants and, therefore, restrict the form of the allowed gravity actions. 

Equations linear in p are given by the algebraic system (C.l), (C.2), (C.6) and (C.8) for 
the vector Va = ±bai which defines the complete torsion tensor in 2D (Appendix A). These 
equations allow not only Riemann-Cartan but also Riemann boundary geometries. However, 
thanks to the theorem proved in section 3, we can study the Noether-Ward identities in 
these two cases quite generally, without making an explicit distinction between them. 

The order of the field equations is given in (C.3-C.5) and (C.7). These are algebraic 
equations in the tensor Sab-, which is related to the extrinsic curvature Kab (Appendix B). 
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More precisely, these equations determine the antisymmetric part e Sab and the trace s'^c 
as local expressions of the boundary curvature and torsion. In particular, for the vanishing 
torsion we have e°'^Sab = and s^c = \R, as in the MB model. 

Here, in contrast to the MB model, the radial expansion goes beyond p^, but the cubic 
and higher order terms do not affect our results in the p — > limit. 

Let us emphasize that, in our near-boundary analysis, we were not able to determine 
the symmetric traceless part s'^^ of Sab- We can understand this situation by noting that 
s'^f, is a nonlocal function that requires a global solution. Such nonlocal terms are parts of 
the (nonlocal) 1-point functions of the boundary CFT. On the other hand, physical objects, 
such as the conformal anomaly, are always local. This is a general feature of the boundary 
currents in an effective theory. 

In the next section, we calculate the boundary currents of the effective CFT. 



5.3 Boundary currents 

In the absence of matter, the variation of the (gravitatonal) action, evaluated on-shell, takes 
the form 

5/on-sheii = j d^xd^ {2e''''^e\ [Se\e^'''Mjm + (ar/.^ + ■Hk^ - r^nU)] } . (5.5) 

After expressing 5/on-shcii as a boundary integral, we will use the field equations to find 
the renormalized 2D action. Then, in accordance with fl3.2bp . we will identify the energy- 
momentum and the spin boundary currents as the objects (1-point functions) coupled to 
the sources e^Q, and uja in the boundary CFT. To do that, we write the action corresponding 
to the Lagrangian (I5.2al) as 

I = Iec + Iao + + Ir^ ■ (5.6) 

The variation of the term Ieci linear in the scalar curvature, is known from the MB 
model: 

51 EC = ^ [ d''xe''^e\5eap - 4a [ d^e^'^e'^'s^Jet^ 

P JdM JdM 

+6 [ d^x{Ai + A2) , (5.7a) 

JdM 

where the total variation contains two pieces, one finite and the other divergent: 

Ai := Aae^'^Eabs'^ae''^ = -^aes" c , 

A2 := -4^"^£a6eV^ = ^e(l + pVe). 
p'^ p^ 

The variation of the cosmological term does not contribute to the boundary integrals. 
Next, we vary the term quadratic in torsion: 

blr^ = ^ / d^xe'^^e\8e^f, + ^ / d^x{A - p)e'^^e\5eap . (5.8) 

P JdM P JdM 

Note that the second piece, containing the axial torsion, is a finite 2D integral. 
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Finally, the variation of the term quadratic in curvature yields: 



SI 



i?2 



Jm 



'M 
JdM 



(5.9) 



where 



and e ■ s := e^^Sfg. The first piece of 5/^2 has the form 

A := 2/32 / d^e'^^ i^Sac ~ Vac) V e\5ujp . (5.10a) 

JdM ^ 

The second piece can be conveniently written as the sum of two terms, B + C, where: 



B 



beqp 



JdM JdM 



+6 I d^xAs 



(5.10b) 



dM 



and 



C 



d xe 



dM 



Kp{e-s)-^-^-^{R-As\ 
o 



p2 



465 / fc"^(e-s)e"^(^r/,„-£ca)5e\. 

JdM ^ 



(5.10c) 



Now, the first terms in (5Jec; ^-^t2 and A are divergent, but their sum vanishes as a 
consequence of f l5.4ap . The sum let '■= f d'^x{Ai + A2 + A3), which appears in 61 as a total 
variation and is also divergent, is recognized as the counterterm; when subtracted from /, 
it defines the renormalized action Jrcn = I — let, see the next subsection for more details. 
The variation of Lon is finite: 



Sir, 



-4a / d'^xe"^e'"'si3c6eaa , 

JdM 

+4a3 / d^x{e ■ s)€'"^e\5ea 



dM 



+A - Abeq J d^xe^^e^^s/sfSeaa + C . 



(5.11) 



From this result, one can identify the spin and the energy- momentum boundary currents. 
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or equivalently, the 1-point functions of an effective 2D quantum theory, as: 



= {b,-h)e^''(^^eae-Vac)V''e\, (5.12a) 
r", = 4{a + hq)e''^eacsp'' + 4as{e-s)e''^ea^ 



/3 



r / ^2 

+2e"^ 



2 



fee— - 265 ) r]ba + ^(^5 - fe6)£^6a 



e^i^ie-s). (5.12b) 



5.4 Renormalized action 



Before we continue to examine the Noether-Ward identities of the boundary currents f l5.12p . 
let us stress that the variation of the full action / contains the total variation of the divergent 
term I^t, which can be compactly expressed as 



_ (a + g6| 

let — 



2 / cP' xeK = [a + qho) I cfxeK. (5.13a) 

P JdM JdM 



Note that the factor (a + qb^) is proportional to the central charge of the theory |9]. Sub- 
tracting this counterterm from the original action I yields the renormalized action, 



'ct 



a + qbe) / (fxeK, (5.13b) 

JdM 



the variation of which produces the finite boundary currents fl5.12p . 

One should observe that here, like in the MB model or GR, the counterterm is of 
the Gibbons-Hawking type, but with a modified factor which involves the coupling 
constant b^. All the other quadratic terms in the action give finite contributions that 
need not be regularized. Similarly as in the previous section, we can decompose let into 
the Balasubramanian-Kraus type local counterterm and the finite term proportional to 
J (Pxes'^ci which becomes, on shell, a local function of the boundary curvature and torsion. 



5.5 Boundary symmetries and anomalies 

To simplify the derivation of the boundary symmetries and make it more direct, we rewrite 
the spin and the energy-momentum current in a more compact way. First, using the ex- 
pression ( 15. 9p . we write the spin current in the form 

= -2e^Pn^^ = 2eP'^{e\Uai) |p=o • (5.14) 

In what follows, we shall omit the sign |p=o for simplicity. After isolating the counterterm, 
the energy-momentum tensor becomes 

A = 4(a + gM£-^£,,s«^-^£°V(i-p) 

-\e''^e\ [Ucg - VcgH - Vcgbeq) [^Sl - e^) . (5.15a) 
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Then, using f l5.4ap . we obtain an equivalent form of T^b. 



2 2(7 



Note that the trace of r"a is given by 



r = e 



(5.15b) 



(5.16) 



Lorentz invariance. To verify the conservation law of the spin current (15.141) . we start 
from the relations: 



£ Tab 



2e 



2e 



Ja + b6q + 2a3){A-p) „ 

2e, 



p 



(a + 2a3 - H\)e''% 



lab 



a + 2a3-n%)A. 



Then, using the field equation (lab) in the form 

-2{a-n% + 2as)A + e''{T\,Hai + 2\/,Hci) = . 
the Lorentz invariance condition is found to be satisfied on shell: 



(5.17) 



Thus, our parity-invariant model (15. 2 p is Lorentz-invariant, in contrast to the situation in 
the MB model, where the Chern-Simons term violates this invariance, see (I4.12p . 

Translation invariance. Let us now examine the invariance under local translations. 
First, we note that the validity of the Lorentz invariance condition (I3.3bp implies that the 
last term on the right-hand-side of (I3.3ap vanishes. Next, we calculate the divergence of the 
energy-momentum tensor: 



(31 a 



2e 
7 



1 A 



P 



P 



a + b^q) -Ria - ^Sab -Vab)V']+ 2V'Haib - a^ip - A)eabV 



2e'^V,indb - VdbU) + 2Anib + 2A'H,i - 2h''K 



di 



+ rV^'^ (nfb-vfbn-beqvfb) 

Making use of (I5.4ap and the (abc) field equation (Appendix C), the above result is simplified: 

Var^a 



2e 
7 



(a + beq)-Rla + 2V'Halb - ^3 [^Sab + Vab ) V" 



p 



+a3{A + p)eabV^ 



p 
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eab + ^Vab)iAn\-k'''ndl) 



{5.U 



Then, using the relations 



2e 



T^'Tbac = 4:e{a + bGq)sabV'' + —a3{p-A)eabV 
2e 



(5.19) 



we finally obtain: 

At ■ 



-4p\a + + a3)sabV' - pRHai + -{2Rn + R)n 



P 



al 



2 
P 

Aesa' 



p 

-i 



eab + --^Vab]{A'H\-k"'ndi: 



a + bQq + as 



1 + ^ H + p^—^SbcV 



=0, (5.20) 



where, in the last line, we again used the (abc) field equation. 
This proves the translation invariance on the boundary. 

Conformal anomaly. Let us now examine the dilatation invariance by calculating the 
expression Ac = r — V/3(£a60""e'''^). We start with 



A. 



c 



-4(a + beq)s'c + Mh - h){e ■ s) + -{be - 64) (i? - 



&5)V^ 



- fP 



-eab-Tlab]e''^V'' 



Then, the identity 



P 



eab-Vab]e^^V' 



P 



and the 2nd order piece of equation (lab), lead to: 



A, 



c 



be + 2b4 



{R - 4s' 



e -(a + bQq)R + ibepqi^e ■ s) + (^a + q 
-{q + 2)(64 - b,){VaV'' - VaV'')+p{b4 - b,)e'''VaVb 

Finally, by using equations (la) and (11), we obtain the conformal anomaly: 

Ac = -{a + beq)eR+[2a3-{q + 2){b,-b,)]e{VaV''-VaV'') 
+p(b,-b,)ee^'VaVb. 



(5.21) 



Since the conformal symmetry is broken, the boundary symmetry is reduced to the local 
Poincare invariance. 

The first term in Ac, proportional to eR = da{2e°'^Uj3), is a topological density (related 
to the topological invariant / d'^xeR); the related factor (a+b^q) is proportional to the central 
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charge of the theory [9]. Since the Weyl weights of e"„, T"^^, , V aV"- are +1, +1, -1, -2, 
respectively, the remaining two terms in Ac are seen to be invariant under local dilatations. 
For details of the classification of conformal anomalies, see [22] . 
A closer inspection of the Weyl invariants leads to the identities: 

:= eiyaV" - VaV") = d^ie^^^eape'^'V,) , 
W2 := e'^'VaV, = d^ie'^^e^Va) . (5.22) 

In particular, the first identity can be written in the language of differential forms as 

N' = T" *Ta - e^V *Ta = die"" *Ta) , (5.23) 

where we used Va = eab*T''. The 2- form A^', which represents Wi, has an interesting re- 
semblance with the Nieh-Yan 4- form [23]. Similarly, a Nie-Yan-like representation for W2 
is obtained by the replacement *Ta — )■ Tq in f l5.23p . The integrals of Wi and W2 over the 
boundary are topological invariants, the nature of which will be studied elsewhere. 

A theory with parameters for which the conformal anomaly vanishes is known as the 
critical gravity. For such a critical choice of parameters, the bulk theory may acquire loga- 
rithmic modes, which leads to a logarithmic CFT at the boundary. For general properties 
of gravities at the critical point, see e.g. 

6 Concluding remarks 

In this paper, we presented an analysis of the AdS/CFT correspondence in the realm of 3D 
gravity with torsion, with an underlying RC geometry of spacetime. 

Starting with a suitable holographic ansatz and its consistency condition, we found that 
the expected boundary symmetry is described by local Poincare transformations plus di- 
latations. Based on an improved form of the Noether-Ward identies, we first analyzed 
the holographic features of the MB model, where we confirmed the results of Klemm and 
Tagliabue [5], derived by a different technique. Then, turning our attention to the more in- 
teresting case of 3D gravity with propagating torsion, we obtained the holographic conformal 
anomaly, with contributions stemming from both the curvature and the torsion invariants. 
As a consequence, the boundary symmetry is reduced to the local Poincare invariance. 
The improved treatment of the Noether-Ward identities, being independent of the value of 
torsion on the boundary, significantly simplifies the calculations. 
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A On the RC geometry in 2D 

In 2D, the Lorentz connection, which is Abehan, has only one independent "internal" com- 
ponent, u"''^a = —^"'^^ai and the local Poincare transformations of e°'a and Ua have the form 
( 12.12p . The corresponding field strengths, the curvature and the torsion, are given by 

T\p = V,e% - Vpe\ , V^e'^p := d^e'' p - e\uj^e% . (A. 1) 
The Ricci tensor and the scalar curvature read: 

R-^ = -e-^Fefe , R = -e^'Fab . (A.2a) 

As a consequence: 

Rab = -^VabR , Fab = -^abR , (A. 2b) 

and the Ricci tensor is always symmetric. The torsion tensor, with only two independent 
components, is completely determined by its vector piece Va = T^ba as 

T\, = 5tV,~5:Vb. 

When the torsion vanishes, the connection becomes Riemannian: 

t^a = ]^e''^{,Cabc - Ccab + Cbca)e''a , C^/? := d^e" p - 8/36" a , (A. 3) 

see also fl3.4p . 

In the Gauss-normal radial foliation, the unit normal to the boundary dM has the form 

m = {ni,na) = —?== = (1, 0, 0) , 

with n"^ = —1. The extrinsic curvature (the second fundamental form) of dM is defined by 
Kij = ViUj. The only nonvanishing components of Kij are 

Kab ■= ^aUb = -Sbcl^^a = Scbk^a = -j£ab + Tjah " 2p^Sab , (A.4) 

where we used k'^a '■= k^a^a^- In particular: 

K{^ab) = Vab - '^P^S^ab) , K^b = 2 - 2p^s''c , 

e'^'Kab = -p- 2p'e'^\ab = -A . (A.5) 

The last equation gives an interesting geometric interpretation of the axial torsion A. For 
^ = 0, Kab reduces to the standard Riemannian form. 
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B Field strengths and covariant momenta 



The results obtained in this section follow directly from the ansatz adopted in section 2. 
Torsion and curvature. In the local Lorentz basis, the torsion components are: 



Ta 
Ic 



T"'bc — pT^bc 5 

and the components of curvature read: 



(B.i; 



R 



lie 



C '^p^"/ ) 

-edi 



Rlbc — ^P Fbc + kebkdc , 
Rale = (^kac + ^6c^ + P^^c^dpha-y , 

Rabc = peb^ec^{V fjka^ - V^kap) . 

The Ricci tensor and the scalar curvature are calculated from the relations: 



p mn f) 



R 



mnk f) 
-c -ttmnk 



R^l + R'^a ■ 



(B.2) 



(B.3) 



Reduction. Equation (12. lip , in which kab is expressed in terms of e°Q, simplifies the 
expressions (IB.ip for the torsion: 



T 1 = — r A 

-'- ale ^ac^ : 



abc 



pTc 



abc 



(B.4) 



where A is the axial torsion: 



A := -e''%k =P- pef^e/dpCgp 



Similarly, the curvature tensor reads: 
^iic = -p^eJ^dpUp , 

Rlbc = £bcq - p'^Fbc - £bc-{p -A) + pSbce^^dpCgp + Ffec , 

Rale = -SacQ + i^Sac " ?7ac) {p - A) + p^Eabe^^dp {p^^dpC^p) + Xac 
Rabc = P (^Tabc — Ea^Tfhf^ + Zabc , 

where Yac, Xac and Zabc are given by 

Xac ■= p'^ea^e/dpeb^dpiefe'^f^) = -r]acp^dp[p~'^{p - A)] - p{p - A)e/dpea 

Ybc = -p^efgef^e^^{dpebf}){dpec^) = O4 , 

Zabc = -p'eafeb^e,''[V^{dpef'^g^,) - V .{dpe^'^ g^^)] = . 



(B.5) 
(B.6) 
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As a consequence, the Ricci tensor and the scalar curvature read: 

= e'^R^i, = 2q- p{p -A)- p^e'^^d^ {p-'d,ecf^) + (p - , 

Ral = ^a'Rllc = —P^^a^^c^ dpUJp , 

Rab = £a{Rclb - Rlcb) = -'2r]abq + {pVab " £ab)ip " A) 

+p^e/dp [p'^dpebp) + p'^Rab - PVabe^'^dpCg^ + Sa^X^b - Y^b) , 
R = -6q + 3p{p -A) + 2p'e'^dp{p-^dpecfi) 
+p^R - 2pe^^dpefp - £'^^(2X,, + Y,,) , 

where 

£a%X^b - Y^b) = -£abp^dp[p-^{p - A)] - p{p - A)eaeb^dpecp 

+p'ea'EP\dpe,p){dpeb^), 
-e''\2Xac + Yac) = -2{p - A)' - p's'^E^^dpeb^Me,^) . 

Covariant momenta. The calculations in Section 5 are greatly simplified if we first find 
the explicit form of the covariant momenta. In the torsion sector, we have: 

Uiic = -2a-ipVc , 

Hibc = -T-ibic = 4(ai - a2)ebcA, 

Uabc = 2p (2ai + ^2 + ag) Tabc , (B.7) 

and in the curvature sector, we find: 

-Hu = 2(/3i + (32 + 3/33)g - + (32 + " ^) 

-/33p' {R-As\) + 0^, 

Ual = P2P (l^ac - Vac) + , 
'Hla = (3ip[^eac-Vac) + , 

Uab = -2(/3i + ^2 + ^h)Vabq + + /32 + 3/33) w(p - A) 

~{(3i - (32)eab{p -A) + ^p\(3i + (32 + 2(3s)rjab{R - ^e^^sj^) + . (B.8) 

C Radial expansion of the field equations 

In this Appendix, we display higher orders in p of the vacuum field equations (15. Sp . which 
are needed in our study of the Noether-Ward identities for 3D gravity with propagating 
torsion. To zeroth order in p, the content of these equations is displayed in (15. 4p . The 
parameter q is given in ( I2.16bp as g = — 1. In our notation, e ■ s = e"'^Sab and T-L = 

(1) Let us start by considering the components {ij) = (la), (al), (11) and {ab) of the first 
field equation (I5.3ap . The object tij is defined in the same equation. For each component 
we display first a compact form, and then the fully expanded field equation. 
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(la): 



(al): 



(11): 



rtlam + -7X1 amn ~ rtla V„ + tia — U , 



-2p [a + as + (&6 + P2)q] K 

+PP [a - + 8(ai - aa) + (fee + P2)q] eabV" = C3 ^ 



(C.l) 



(C.2) 



(a, 6): 



rtllm + - rtl -t Imn — iLll V^n + ^11 — U 

-2a,VaV^ - [(2ai + - as) + PiQ] V,V' 



+ a- \^2^,-^jq {R-As\) 
2p [a + 4(ai - aa) - beq] {e ■ s) = O2 ■ 



2(2ai + aa + a3)V"T„6c - [(2ai + aa + ag) + r/aftV^l^^ 
3b. 



+2riab [a + 4(ai - as) - beg] p{e ■ s) 

-ieab [a + 4(ai - as) - (/3i - /32 - ^e)?] {e ■ s) = O2 . 



(C.3) 



(C.4) 



(2) Now, we turn to the components (kij) = (alb), (116), (lab) and (cab) of the second field 
equation ( I5.3bl) . 

(alb): 



2f\b {aVca + Uca - Vcahi) + 2V ^iUba - VbaU) - 2V bUla ' £6c£^a(^l/' - Hfl' 

-2/3i (l^a/ - r/a/) V,V^^ + 2pr,ab [2b^ + (/3i - ^2)] {e ■ s) 
-Asab [a + 4(ai - az) + b^^q + pV2) + (/3i - /Jg)] (e ■ s) 

- {vab - ^e^b) - /^s) {R - 4.\) = O2 . 







(C.5) 



(116): 



2f\,n,i + 2Vi?/w - 2Vfe(?/n - r/n?^\) + ebcS^'Ufg' = ^ 
[- (2ai + a2 + as) - Piq] pH = C3 . 



(C.6) 
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{lab): 

2f\, (ar/n + V-ii - Vii'H) + 2f\,V.,i + AV^aV-m + eabS^mfg' = , 
4 [a + 4(«i - a2) + be{q + pV2) - 2(/3i - /^s)] ■ s) 

+phVcy' - 2/32 - ef^) VfVg-p{^-^ + fi^ {R - As\) = . (C.7) 

{cab): 

2ffab{aVfc + •H/e - Vfcn) + 2f\^Hic + AV^a{nb], - Vb]cn) - EabSfMlf^ = , 
a + b^q- (52 (l + + "3 T^ab - SabVc = ^2 • (C.8) 
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